We construct the d dimensional "half" Schrödinger equation, which is a kind of the root of the Schrödinger equation, from the d + 1 dimensional free Dirac equation. The solution of the "half" Schrödinger equation also satisfies the usual free Schrödinger equation. We also find that the explicit transformation laws of the Schrödinger and the half Schrödinger fields under the Schrödinger symmetry transformation are derived by starting from the Klein-Gordon equation and the Dirac equation in d + 1 dimensions. We derive the 3 and 4 dimensional super-Schrödinger algebra from the superconformal algebra in 4 and 5 dimensions. The algebra is realized by introducing two complex scalar and one (complex) spinor fields and the explicit transformation properties have been found.
II. SCHRÖDINGER SYMMETRY FROM THE KLEIN-GORDON AND DIRAC EQUATIONS
We now show that the d dimensional free Schrödinger equation can be derived from d + 1 dimensional d'Alembert equation (massless Klein-Gordon equation) by choosing the wave function to be an eigenstate of the momentum of a light-cone direction.
We denote the coordinates in d + 1 dimensional flat space-time by {x µ } (µ = 0, · · · d) and choose the metric tensor by η µν := diag(−1, 1, · · · , 1). We now define the light-cone coordinates by
Then in terms of the light-cone coordinates, the metric tensor has the following form:
Now µ, ν = +, −, i = 1, · · · d − 1. Then, for example, we have x ± = −x ∓ and
Now the relativistic energy-momentum relationship for the massless particle p µ p µ = −2p + p − + p 2 = 0 can be rewritten if we write
as
which is nothing but the expression of the kinetic energy for the non-relativistic particle with mass M in d dimensional space (d + 1 space-time dimensions). Eq. (5) may suggest that the massless Klein-Gordon equation could be rewritten as the free Schrödinger equation. By using the light-cone coordinates, the Klein-Gordon equation has the following form:
We now choose φ to be an eigenstate of ∂ + as ∂ + φ = −iMφ and we regard a light-cone coordinate x − as a "time"-coordinate x − ≡ t. Then the Klein-Gordon equation (6) can be rewritten as the free Schrödinger equation:
Since we assume φ to be an eigenstate of ∂ + , φ has the following form:
Later we consider the conformal transformation of the Schrödinger field φ, where the transformation of x + can be interpreted as a phase ofφ.
The free massless Dirac field also satisfies the Klein-Gordon equation. Then by rewriting the Dirac equation by choosing the Dirac field ψ to be an eigenstate of ∂ + as ∂ + ψ = −iMψ and regarding light-cone coordinate x − as a "time"-coordinate x − ≡ t, we obtain the Schrödinger version of the Dirac equation. We now use the following convention for the γ matrices:
Then we obtain
Then by choosing the Dirac field ψ to be an eigenstate of ∂ + as ∂ + ψ = −iMψ, the Dirac equation has the following form:
which tells ψ satisfies the Schrödinger equation:
Then Eq. (11) is the Schrödinger version of the Dirac equation, which we call the "half Schrödinger equation". The d-dimensional Schrödinger algebra is given as a subalgebra of the d + 1 dimensional conformal algebra SO(d + 1, 2), which is given by
Here M µν generates the Lorentz boost and the rotation and P µ generates the translation. Furthermore the operator D generates the dilatation
and K µ generates the special conformal transformation given by
The d − 1 dimensional Schrödinger algebra sch(d − 1) is the subalgebra of the conformal algebra which does not change the eigenvalue M of P + , that is, the algebra given by the generators commuting with P + .
[
Here
The generators H, P i , J ij , G i , E, and F generate the translation of time, the translation of the spacial coordinates, the spacial rotation, the Galilei boost, the dilatation, and the special conformal transformation, which are explicitly given as the following transformation of the coordinates:
In (16), since M can be regarded as a c number, the commutator of P i and G j becomes a central extension. In fact, this algebra is one of the central extended of the Galilean conformal algebra which is constructed by nonrelativistic limit (c → ∞) of conformal algebra. [22] As well known, the Klein-Gordon equation (6) and the Dirac equation are invariant under the conformal transformation and therefore the Schrödinger equation (7) and the half Schrödinger equation (11) is invariant under the Schrödinger transformation. The invariance of the Klein-Gordon and the Dirac equations and the transformation law of the Klein-Gordon and the Dirac fields in general D dimensions are explicitly given in the appendices.
III. SUPER-SCHRÖDINGER SYMMETRY FROM SUPERCONFORMAL SYMMETRY
Since we have found that both of the Klein-Gordon equation and the Dirac equation have the Schrödinger symmetry and found the explicit transformation laws of the Klein-Gordon and the Dirac fields, we now like to find the transformation connecting the Klein-Gordon field(s) and the Dirac field(s), which is the super-Schrödinger symmetry transformation.
The supersymmetric extension of the conformal symmetry is known as the superconformal symmetry. In this section, for simplicity, we construct (2 + 1) and (3 + 1) dimensional super-Schrödinger algebra starting with the D = 4, N = 1 and D = 5, N = 2 superconformal algebra.
A. Construction of (2 + 1) dimensional super-Schrödinger algebra form the reduction of D = 4, N = 1 superconformal algebra D = 4, N = 1 Superconformal algebra [23] , which is given by, in addition to the conformal algebra SO(4, 2) (13),
In order to obtain the closed algebra, we define projection operators P andP as follows
which satisfy the following equations:
If we define
we obtain
Then a closed algebra, which we call the super-Schrödinger algebra, is given by
We now consider the following Lagrangian
The Lagrangian is invariant under the following superconformal transformation:
Here the ξ, η and θ are parameters of the transformation. The transformation (26) is closed on shell.
As we are considering the field theory in 4 dimensions, we may define γ 5 and the chiral projection operators P L,R by
We also define the left and right parts for the Dirac field and also the scalar field by
Then the transformation laws (26) can be rewritten as
HereÃ := 2A. Except the transformation generated by A, the transformations are closed on the left and right parts, respectively. 
and conformal algebra SO(5, 2) (13).
Here fermionic generators with extra indices, A, B, C... = 1, 2 , is SU (2) Majorana spinors and R AB = R BA is SU (2) R-symmetry generators. These indices are raised and lowered with totally antisymmetric tensor ε AB and ε AB (ε 12 = ε 12 = 1), as
and SU (2) R invariant inner product is defined by contraction of raised and lowered indices,
In the same way as in the (2 + 1) dimensional case (22), we reduce this algebra using by projection operators (20) , such as
Thus, the on-shell transformation of hypermultiplet including two scalar fields φ A and one spinor field ψ α is
Here the SU (2) Majorana spinor ξ A , η A and 2 × 2 (anti-)Hermitian traceless matrix θ A B are parameters of the transformation. In contrast to the 3 dimensional algebra (except the transformation generated by A), because of R-symmetry invariance of spinor field ψ, the transformations of two scalar fields φ A are not closed.
IV. SUMMARY
In this paper, we have found the "half" Schrödinger equation, which is a kind of the root of the Schrödinger equation, from the d + 1 dimensional free Dirac equation. Starting from the Klein-Gordon equation and the Dirac equation in d + 1 dimensions, the explicit transformation laws of the Schrödinger and the half Schrödinger fields under the Schrödinger symmetry transformation have been derived. We have also obtained the 3 and 4 dimensional superSchrödinger algebra from the superconformal algebra in 4 and 5 dimensions. The algebra is realized by introducing two complex scalar and one (complex) spinor fields and the explicit transformation properties have been found. It could be interesting to find any system which has this kind of supersymmetry.
Under the coordinate transformation, the flat metric in D dimensions
is changed as
When the transformed metric is proportional to η µν
the transformation (A4) is called conformal transformation. Here C (x τ ) is a function of the coordinate and determined by multiplying Eq. (A4) with η µν as
Then substituting (A5) into (A4), we obtain
We call f µ (x ν ) satisfying (A6) as the conformal Killing vector. We now define a matrix M µ ν by
Eq. (A6) can be rewritten as
By regarding the quantity in (A8) as a matrix with indexes ρ and σ and considering the determinant, we obtain
Here M is the determinant of M µ ν : M = det M µ ν . We now consider the coordinate transformation (A1) for the massless scalar field φ:
Hereφ is defined byφ
By using (A8) and (A9), we can rewrite the action (A11) as
(A13) By using the partial integration, we can further rewriting (A13) as
Here ζ is defined by
Then Eqs. (A3), (A6), and (A7) tell that the metric tensor g µν is given by
For the metric (A16), the scalar curvature R is given by
Since the metric (A16) is obtained from the flat metric (A2), where the scalar curvature vanishes, the scalar curvature (A17) also vanishes. Then the second term in (A14) vanishes and we find
that is, the action (A10) of massless free scalar is invariant under the coordinate transformation (A1) and (A12) where f µ is the conformal Killing vector satisfying (A6).
Spinor
Here show the invariance of the Dirac equation and the transformation law of the Dirac field, that is, spinor field, under the conformal transformation.
In order to investigate the conformal transformation in the spinor field, we consider the infinitesimal transformation
Then by defining,
we can rewrite the condition (A8) for the conformal transformation as 
The action of the Dirac fermion is given by
We now consider the following infinitesimal transformation:
which givesψ
Then we find
Since 
In case of rotation (including the Lorentz transformation), translation, and dilatation, m µν is a constant or vanishes and therefore ∂ µ m = ∂ ρ m µν , which tells that the action (A22) is invariant under the rotation (including the Lorentz transformation), translation, and dilatation. In case of the special conformal transformation with a infinitesimal parameter c µ ,
we find
and therefore the second and the third te7rms in (A25) cancel with each other and the action (A22) is invariant under the special conformal transformation (A26).
